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Stieltjes (S)DEs

Consider the pathwise (stochastic) differential equation:
dXtZO'(Xt)dYt, Xo = X0,

in other words
t
Xt:XO-i-/ o(Xs)dYs. (1)
0

If 0 : R — R is Lipschitz continuous and Y € C([0, T]) n BV([0, T]), (1) admits a
unique solution X € C([0, T]).

Here, the integral in (1) is interpreted as a Lebesgue-Stieltjes integral, as there exists

a signed Radon measure u such that Y; = fot w(ds) and thus dY = p(dt).
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Integration against paths

Fix a finite time horizon T > 0. Let Y : [0, T] — R be a continuous path (signal).
For coefficients F : R?> — R, assumed linear in the second variable, consider the
ODE

Xt = F(Xt,Y:), Xo = xo,

where Y is interpreted as noise or control.

Usually (in stochastic analysis), Y is not differentiable, so we consider instead

Xt:x0+/0ta(Xs)dYs. 1)

If o : R — R is Lipschitz continuous and Y € C([0, T]) n BV([0, T]), (1) admits a

unique solution.

Here, the integral in (1) is intepreted as Lebesgue-Stieltjes integral, as there exists a

signed Radon measure p such that Y; = fot w(ds) and thus dY = u(dt).
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Disclaimer (stochastic case)

A typical path (the collection of typical paths has probability one) B of a Brownian motion

1
(independent Gaussian increments) satisfies just B € C27¢([0, T]) for any € > 0 and at the same

time B ¢ BV/([0, T]).
One can prove that there exists no linear theory of integration extending Stieltjes intergration

that is rich enough to handle Brownian paths in a deterministic fashion.

The most popular workaround is the theory of Ité-integration which relies on martingale theory

and an L2-theory of 2-variation (not pathwise).

The It6 integral admits an extension of the change of variable formula (the 1t6 formula), stated

in a simple case: .
Bf=2/ BsdBs + t.
0

Other approaches:
m Skorokhod integration (— related to the theory of Gaussian and white noise distributions)
B Rough path theory (— estimation of iterated integrals of paths)

B Regularity structures / paracontrolled distributions (Hairer, Gubinelli, Perkowski, ...)
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Pathwise integrals fot X< dYe

Thomas J. Stieltjes  Henri L. Lebesgue  Laurence C. Young  Martina Zdhle
(1856 — 1894) (1875 — 1941) (1905 — 2000) (1950 —)

m Lebesgue-Stieltjes integral: Y € C([0, T]) n BV([0, T]), X € C([0, T]);

® Young integral: Varp(Y) < oo, Varg(X) < oo, p,q > 1 with % —+ % > 1, where
Var, denotes the p-variation.

Note: C* C {Vary;q(X) < oo}, @ € (0, 1];

m Extension by Zahle (1998/2001): Y € WX *(T—), X € W(0+), a € (0, 1).
Note: CP C W& (0+), B> a; CY CWE¥(T—), vy +a > 1.
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Pathwise Stieltjes (S)DEs

We are considering the equation for paths X : [0, T] — R" and sufficiently regular

drivers Y : [0, T] = R"™:

t
Xe=xo+ [ o(xdve, teloT] (1)
0
We are interested in the case of non-Lipschitz or even discontinuous coefficients

0 € BVoc(R"; R™M).
We shall give conditions, such that the composition o o X is a well-defined
function in a Holder space or fractional Sobolev space;

we shall give conditions for the existence of (1) as a Lebesgue-Stieltjes/Zahle

integral;

we aim to study differential systems with BV-coefficients driven by Holder

paths.
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SDEs with non-Lipschitz coefficients o

Let (Bt) be a Brownian motion (Bm). Then the Itd stochastic differential equation

t
Xt=X0+/ U(Xs) dBs, (2)
0

m is pathwise unique if 0 € BVfoc and ¢ > ¢ > 0 on compacts, [Nakao (1972)];

m is well-posed for 0 > ¢ > 0, |o(x) — a(y)|?> < |g(x) — g(¥)|. g increasing and
bounded, [Le Gall (1983)];

= has a weak solution if o1 € L2 ,

[Engelbert, Schmidt (1985)];

m has strong and positive solutions and is pathwise unique if o is of power type

o(x) = |x|*, a € (0,1), [Bass, Chen (2005)];

| ... more ...
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Nualart and Rascanu (2002) studied (2) with (B;) replaced by the fractional
Brownian motion (fBm) (B%), with Hurst index H > % and o Lipschitz and of linear

growth.

We call a continuous stochastic process (B);>o an R"-valued fractional Brownian

motion (fBm) with Hurst index H € (0, 1) and starting in x € R" if
Bé” = x.

(Bf’ — X)¢>0 is centered Gaussian with covariance
E[(Bf — x)/(BY — xY] = 3 (It|?H + |s]*" — |t — s|?H) 5.
For H =

%, the fBm is a Bm, as E[(B} — x)/(BY — x)/] = min(t, s)8;;. A path of a

fractional Brownian motion is in C* for any a < H with probability one.
[Ledn, Nualart, Tindel, (2017)] proved existence of solutions for fBm and the

non-Lipschitz power type o(x) = |x|7, v € (0, 1).
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Example in 1D

Consider the one-dimensional case and let o(x) = 1x>a, @ € R.

Problem

Usually 1x,>, is not continuous or of bounded p-variation for any p > 1.

= integral fOT 1x,>a dX¢ cannot be defined as Young integral, as Féllmer integral, or

via rough path theory.

Solution

We may use generalised Lebesgue—Stieltjes integrals (studied for instance in [Z&hle
(1998)]). Namely, if X € Wg'l, i.e., belongs to certain time-weighted fractional
Sobolev space, and Y € W;fﬁ'1 for some B € (0, 1), then fOT Xs dYs exists.
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The notion of sufficient variability

Let X € C* Y € C” with a+v > 1 and let 0 € BVjoc. Suppose further that for
6€(0,1)

T
supIE/ |X: —alfdt < oo. 2)
acR 0

Condition (2) guarantees that X is active enough and does not spend too much time

on any point a, and in particular, on the bad points / jumps of o.

Roughly speaking, X will enter the bad region of o (otherwise situation is boring) but

does not stay there very long.

Results can be found in [Chen, Leskeld, Viitasaari, Stoch. Process. Appl. (2019)].
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Variability of paths and integrals with

BV -coefficients
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Variability of paths (w.r.t. BV-functions)

Let ¢ € BVioc(R"), that is, ¢ € LL_(IR") and the distributional derivatives D;¢ are

loc

signed Radon measures. Denote by ||De|| the total variation measure of ¢.

Let p € [1,00], s € (0,1). We say that X € C([0, T]) is (s, p)-variable with respect

to g if there exists a relatively compact open neighborhood U of X ([0, T]) such that
/ |X. — z|="1=S||D||(dz) € LP(O, T).
u

Let V(¢, s, p) denote the class of continuous paths that are (s, p)-variable w.r.t. .

This is a quantitative condition relative to a fixed ¢. Clearly, V(p, s, p) C V(g, s, q)
for g < pand V(g,s,p) C V(p,r,p) forr <s.
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Occupation measure, mutual Riesz energy and Riesz potential

Set

po=plT(B) == £l([0, TI N X~1(B))

as the occupation measure of X, in other words,

-
[ atouta= [ goxat
R" 0
for all bounded Borel functions g : R"” — R.

For p = 1, variability reads as

/ ) / x = 2|15 Dyl (d2) () < oo.

Moreover, for p € [1,0), X € V(¢p, s, p) if and only if

[ @ *10el)’ du < oo.
]Rﬂ

Here, (U"v)(x) := c(v, n) Jgn Ix — y["~" v(dy) denotes the Riesz-potential operator.
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Intuition for variability

The concept of variability in 1D was used and developed before in e.g.:

m [Chen, Doctoral Dissertation, Aalto University (2016)]
m [Chen, Leskeld, Viitasaari, Stoch. Process. Appl. (2019)]

m [Torres, Viitasaari, Theor. Probability and Math. Statist. (2023)]

The idea is to capture the 'activity’ of paths relative to compositions in a

quantitative way and extend this to higher dimensions.

(s, p)-variability excludes 'too bad’ behavior at jumps of ¢, meaning in particular that

Y should be sufficiently disperse at these (lower dimensional) regions.
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Upper regularity

Recall that, given d > 0, a Borel measure u on R” is said to be upper d-regular on a

Borel set B C R" if there are constants ¢ > 0 and rp > 0 such that
w(B(x,r)) <crd, xeBnsuppu, 0<r<r.

We call a function ¢ € BVjoc(R") upper d-regular on B if ||Dyl|| is upper d-regular on
B.

Note that upper d-regularity with d > n — 1 4 s implies that ¢ has a unique Borel

version being Holder continuous of order s.
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Upper regularity of paths

We also consider an upper regularity condition for paths. If for given s > 0 and
B C R" Borel a path Y : [0, T] — R" satisfies
T
sup / Yt — x| °dt < 400 (5)
xeY([0,T))nB JO
then there are constants ¢ > 0 and rg > 0 such that

Htelo,T]:|Ys=Yul<r} <cr’, uvue{rel0,T]:Y>€B}, 0<r<r. (6)

If (6) holds with some d > s in place of s, then (5) holds.
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SENES

Extreme behavior of ¢

If |De|| is upper regular of order d > n— 1+ s, then any path X is (s, 1)-variable. This on the

other hand forces ¢ to be Holder continuous (and hence more “classical” approaches apply).

In particular, if ¢ is locally Lipschitz, then for any s € (0, 1) any continuous path is (s, 1)-variable.

Extreme behavior of the path X

If the occupation measure w of X is upper regular of order d > n—1+s, then X is (s, 1)-variable
w.r.t. any ¢. This should be compared to condition (2) in the one-dimensional case, where
T
sup E [Xt —a|®dt < oo (2)
aER 0

implies that any bounded variation function ¢ is good enough.

Other examples can be constructed:

m Splitting the space into regions where either u or ||Dy|| is upper regular;

B “in between” cases where neither of the measures is (sufficiently) upper regular.
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From [Hinz, T, Viitasaari, Electronic J. Probab. (2022)]:

Fractional Brownian motion

If X = B" is the n-dimensional fBm with Hurst index 0 < H < 1, its occupation
measure u is upper d-regular P-a.s. if 0 < d < n is such that H < %. This implies
that B is P-a.s. (s, 1)-variable w.r.t. any ¢ € BV(R") if n—1+s < % If

% < n—1+s, we need the negative moment condition
[ s Dl () < oo
Rn
The (s, 2)-variability can be rephrased in terms of weighted Wolff potentials of ||De]|.

Lévy processes

Let n > 2 and let X be an isotropic a-stable Lévy process, where 0 < o < 2. X is

P-a.s. (s, 1)-variable for ¢ € BV(R") if

L s Dpl () < oo
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Fractional Sobolev spaces

Recall the definition of the fractional Sobolev space WP-P(0, T):

By WAP(0, T), we denote the space of measurable functions f : (0, T) — R such
that

1/p
T If(E) = f(s)P
”f”WﬁvP(o'T) = (f”lzp(O,T) +A /0 W dsdt < oo,

if p€[1,00). We also set for p = oo

/t [F(t) — f(s)l

It — 5P ds < oo.

||f||Wl3:>o(0 Ty = = [IfllL=.7) +esssup
t€[0,7]

Define also the weighted space W{f-ﬂ(o, T) by

1/p
4 |f(f)|p TIf(t) — f(s)IP
£l = (/0 / / AT dsdt < co.
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Suppose that ¢ € BV[oc(R") and that X € C*([0, T],R") is (s, 1)-variable with

respect to ¢ for some s € (0,1).
For any 0 < B < as the composition @ o X is an element of Wg'l(o, T).

If, in addition, Y € CY([0,T]) and 1 — as < «y then for any t € [0, T| the
integral [;o(Xy)dY, exists in the sense of
[Zahle (1998)], [Schneider, Zahle (2019)].

If, moreover, X is (s, p)-variable with respect to ¢ for some p € (1, +o0] then

for any 0 < B < as we have w o X € WBP(0, T).
If, in addition, Y € C([0, T]) with 3 <1 - <, then
[ etxav, e ceio(o, )
0

and there exists a constant ¢ > 0 such that

< ¢l o X|lws. Y .
C1-B-1/p(0.7]) Il ”Wﬁ P(0,T) Il HCW([(),T])

[
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tence of compositions and integrals

Theorem ([H

Let Q C RX be a bounded domain. Let ¢ € BV(R"), u: Q — R" a measurable
function, s,0 € (0,1), 1 < p < +oo and 1 < g < +oo. Suppose that

u e WI(Q,R") NV (p, s, p).

If r > 1 is such that % +% < % and B < s6, then @ o u € WP"(Q) and in
particular,
[poulg,r < clulf, IU° 1Dl (u(-)lLr(e

with a constant ¢ > 0 depending only on n, s, p, q, r, 8, B and 2.

If% + § < sB, then for any 8’ < 6 — % we have u € W9 > (Q,R"), and for any
B < s — % — £ we have p o u € WP>(Q).
Here, we denote the Gagliardo seminorm by

[Flop = (/Q i Ifb) = F2)P dydz)% _

ly — z|k+ép
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The change of variable formula

Theorem ([Hinz, T, Viitasaari, AIHP (B) Probab. Stat. (2023)])

Let F € WL (R") be such that 8xF € BVioc(R") for k =1,...,n. If
X e Cc*([0, T],R") with a > % is a path which is (s, 1)-variable w.r.t. each OxF for

some for some s € (=2, 1), then we have

FX) = Foo)+ 3 [ 8cF0G)axt 3)
k=170

for dt-a.e. t € [0, T], provided that xog € R" \ Sf.
If, in addition, F is continuous, then (3) holds for all t € [0, T] and no matter where

xo € R" s located.
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Approximation by Riemann-Stieltjes sums

Theorem ([Hinz, T, Viitasaari, AIHP (B) Probab. Stat. (2023)])

Let p € BVioc(R"), let X € C*([0, T],R") be a path which is (s, p)-variable with
respect to ¢ for some s € (0,1) and p € (é, +o0]. Then po X is Holder continuous
of any order less than as — %. If in addition Y € CY([0, T]) for some

¥y>1l—as+ %, where % := 0, then both the generalized Lebesgue-Stieltjes integral
fOT @©(Xy) dYy as in (2) and the Riemann-Stieltjes integral of ¢(X) w.r.t. Y over

[0, T exist and agree.

If, in this case, we are given 0 < € < as — % — 1+, a refining sequence (Ti)k>1 of
finite partitions T, = {0 = t(()k) < t§k) <...< tﬁ:) =T} C[0,T] and

Efk) IS [t,.(f)l, tl.(k)], then we have

_1_ =
S ClTklozs B 1+y—€

T "k
‘/0 o(Xu) dYy — z;‘p(xef“) (Yt/(k) - Yf,v(f)l)
pn

for all k, where ¢ > 0 is a constant depending on a, 7y, s, p and Y.
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Existence of rough integrals

Set 4% (t) := tX, + (1 — t)Xp, and let
A:={(s,t)C[0,T]x[0,T]: 0<s<t<T}
Theorem ([Hinz, T, Viitasaari, arXiv:2407.06907])

Suppose that 1+ < B < 3, (X,Y,X®Y) € CP([0,T]) x C°([0, T]) x C*(4),
o € Lip(R™; R?) with 8ip; € BViec(R™) for all i, j and

1
- —2<s<1.
6}

If X is (s, 1)-variable w.r.t. all 8j; and in addition

T T 1
/ / I — gpa+s)—o1 / U2 D8y | (v () dt dO dr < +oo
0 0 0


https://arxiv.org/abs/2407.06907
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Theorem ([Hinz, T, Viitasaari, arXiv:2407.06907] (cont'd))

Then fOT ©(X) dY exists as a Hu-Nualart-Zahle' rough integral with

’/OT o(X) dY)

d
S {le; 0l om) + Lip(e)[Xs
J=1

m o T T 1
+> |r — 607t [ U= DBy (v (1)) ° dt d6 dr [X]5*
=1 /0 Jo 0 5

m
+ 31U (D8 | (Ml o,ry IXIET F Vs
=1
d m -
+ 35 {1800 1 0.1y + IV 1DB0411(X) 3 0,1 XI5 HIX @ Y) s
Jj=1 i=1

T[Hu, Nualart, Trans. Amer. Math. Soc. (2009)].


https://arxiv.org/abs/2407.06907
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Existence of rough integrals (cont'd)

For the fractional Brownian motion (fBm), the variability condition along line

segments can be verified in dimensions 1 and 2.

Proposition ([Hinz, T, Viitasaari, arXiv:2407.06907])

For ¥%7(t) := tX, + (1 — t)Xe, and X fBm on [0, T] with Hurst index

H € (3, 1], we have that

T T 1
/ / I — gpato-a-t / U1 DB, | (V¥ (£)) ¢ dt dB dir < +oo
0 0 0

holds IP-a.s. in dimensions m =1, 2.


https://arxiv.org/abs/2407.06907
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Section 3

Differential systems with BV-coefficients
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DOSS' tl’a I’]SfOI’m [Lamperti (1964), Doss (1977), Sussmann (1978), Yamato (1979)]

Let (Bt) be a one-dimensional Bm. Consider the Stratonovich SDE

0dX: = b(Xt) dt + o(Xt) o dBy, Xo = x, (SDE)

with b € Lip(R",R"), 0 € Cg(]R”, R"). Consider the ODE system

%F:U(F), F(0) = x. (ODE)

If b=0, then X; := F(Bt, x) is a solution to (SDE), where (t, x) — F(t, x) is the

unique solution to (ODE), that is, the flow of the vector field o.

If b# 0, then X; = F(B¢, Ct) is a (unique) strong solution to (SDE), where (Ct)
solves the pathwise random ODE

d

OF
Ect = a(Btth)flb(F(Bf'Cf))'
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BIECEIEIRSENS

Consider
t
Xt = X0 +/ o(Xy)dY,, te€]0,T], (3)
0
where T >0, xp € R”, 0 : R" = R"*" is a coefficient function o = (ojx)1<jk<n and

Y = (Y, ...,Y"):[0,T] — R" is a given Holder path.
As usual, (3) is to be understood in the sense that all components X/ of
X = (X%, ..., X") : [0, T] = R" should satisfy the equations

. . n t

Xi=xg+ Y [ autcdxpav,
k=1"0

where xo = (x3..... xJ)).
We are interested in the case that the components of o are BVoc.

Rough idea: Solve Vf = o(f), and define X := f(Y) for the driver Y and use the

change of variable formula! o has to be invertible and “curl-free".
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L\/anabillty solutions

Variability solutions

We consider the following notion of a solution to (3).

Let 0 = (0jk)1<jk<n be such that ojx € BVoc(R”) N L>(R") for all j and k and let
Y € CY([0, T],R"). A path X : [0, T] — R" is called a variability solution for o and Y

started at xop € R" if
Xo = xo,

. . 1—
the path X is in C%([0, T],R") and also in V/(o, s, 1) for some s € (=57, 1),

X satisfies (3).

The second part of condition 2. is in principle needed to rule out trivial solutions

X = ¢ with such that Do has a singularity in c.
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One-dimensional case

Theorem (Garzén, Leén, Torres (2017); Torres, Viitasaari (2023); Hinz, T, Viitasaari
(2023))

Let o € BVioc(R) N L®(R) be nonnegative £L}-a.e. and such that € LL_(R).
The function g(x) = [ %, X € R, is absolutely continuous and strictly increasing on R.

Its inverse f := g~! is Lipschitz and satisfies o(f) = f' L'-a.e. on R.

Lets € (0,1), v € (75, 1), Y € C'([0, T]) with Yo =0 and X € R. Let
—o00 < a< b< +oo. Suppose that Y satisfies (5) for B = (g(a), g(b)) or that o is upper
d-regular on (a, b) with d > s, and similarly for R\ (g(a), g(b)) and R\ (a, b), respectively.
Then the function
Xe=f(Ye+g(x), te[0,T]

is a variability solution with X € CY([0, T]) N V(o,s) for o and Y started at X.
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Multi-dimensional case (via Doss' transform)

Assume the following:

0 = (0jk)1<jk<n With components oj € BVoc(R") N L°(R") for all j and k,
det(o) > €, L"-a.e. on R" for some € > 0,

(—00,0) Nspec(o(x)) = @ for L -a.e. x € R",

D,-cr,?j1 — Djo;,l = 0 (“curl-free”) in the sense of tempered distributions.

Then the stationary PDE
Vf =o(f). (4)

has a bi-Lipschitz solution.
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Main existence result (via Doss' transform)

, Viitasaari, AIHP (B) Probab. Stat. (2023)])

Suppose that o is as above and f : R" — R" is a bi-Lipschitz function which solves (4). Let
s€(0,1), v€ (1%5 1), let Y = (Y)tcpo,1) be an R"-valued stochastic process with Yo =0 on a
probability space (2, F,P) with paths P-a.s. Hélder continuous of order 7y, and let x € R".
Suppose that there aree € (0,1 —5s), ¢ >0, and é € (0, n— 1 + s+ €) such that

E/OT [Ye — x|7"¢dt < c|x|7"°,  x € R,
and for all j and k we have

L ¢ = R D (d) < o (5)
Then for P-a.e. w € Q the path

Xe(w) = F(Ye(w) + F1(x)), te€o,T]

is a nontrivial solution X € CY([0, T],R") N V/(o,s) for o and Y started at X.

The moment condition (5) excludes a too bad behavior of ¢ at the starting point X at time t = 0.
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L Uniqueness

Uniqueness

To get uniqueness, we assume that for all /, j, and k we have the “curl-free” condition
-1 -1
Do} — Djot =0 (6)

in the sense of tempered distributions.

Theorem ([Hinz, T, Viitasaari, AIHP (B) Probab. Stat. (2023)])

Suppose that o = (0 )1<jk<n Satisfies the assumptions of the existence theorem and

(6) and that Y € C([0, T],R") for some v € (0,1) and xg € R". Then there exists

at most one variability solution of Holder order greater % for o and Y started at xg.
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L Uniqueness

2D example

Doss' method is quite restrictive, as seen in the following 2D example. Consider

dXt = g(t, X¢)dt + h(t, X)) dY:, t2=0,
with Hélder continuous driver Yand g, h € BVjoc(R?) N L>°(R?), h > € > 0. Writing
dZ: = dt, we need to solve the system
dX = o(X)dY,
where X :=(Z,X)T, and Y := (t,Y)7 and
1 0

o=
g h

However, the “curl-free” condition is satified if and only if

dyg(t,y) =0:h(t,y), Vt,y €R, in the sense of Schwartz distributions.
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L Discussion

Wrap-up

m the notion of variability quantifies when a given path is active enough on bad points of a

BV-function to ensure membership of the composition ¢ o X in fractional Sobolev classes.

B We may also define generalized Lebesgue-Stieltjes integrals of the compositions
J5 o(Xu) dYa.

B Once the integral is defined, we may use Doss’ transform to solve differential systems
dX = o(X)dY.

Side dishes

m More general results for Borel paths and for fractional Sobolev spaces;
B regularity properties of the generalized Lebesgue-Stieltjes integrals;
m conditions for the existence of Riemann-Stieltjes approximations;

m Fourier analysis of variability and occupation measures of stochastic processes.
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L Discussion

Outlook

Future topics

m detailed analysis of variablity (also on the Fourier side) using e.g. Wolff
potentials and weighted potential theory for important classes of stochastic

processes (Gaussian, Lévy, ...);

m Dream result: (Stochastic) Peano- or Picard theorems for equations with
BV-coefficients

— deeper understanding of variability of (iterated) integral operators;
m Sewing lemma?

m Applications to fractional PDEs of semilinear Nemytskii type or of fractional

porous medium type.
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p-variation

Denote by 7 C [0, T] a partition T:={0< thp < t1 < ... < t,—1 < tr < T}.

Definition

Let Y : [0, T] — R" be a continuous path. For p > 1, consider

r—1 1/p
Varp(Y) := | sup > Vg — Vi, |P
TC[0,T] i—0

the p-variation.

A continuous path Y is in BV([0, T]) if and only if it satisfies Vari(Y) < oo.

A pathY € C*([0, T]) with 0 < o < 1 satisfies Var1 (Y) < oco.
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Young integrals

Denote the mesh of a partition 7 C [0, T] by |7| := max(to, t1 — to, ..., tr—t—1, T — tr).

Theorem ([Young (1936)])

Let p,q > 1 such that % + % > 1. LetY : [0, T] = R" be a continuous path with

Varp(Y) < oo and let X : [0, T] — (R")N be a continuous path with Varg(X) < co.
Then, for each t € [0, T], the limit

r—1

t
XsdYs = li Xe. (Y., — Yt
/0 s s |T|—>O|,TC[0,t] ; t,( tit1 t/)

exists. As a function of t this limit is a continuous map from [0, T] to RN with finite

p-variation and there exists a constant C = C(p, q) > 0 such that

Viar, (/O‘(XS — Xo) dYs) < € Varg(X) Vary(Y).
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Peano’s and Picard’s theorems

Let us return to well-posedness of

dX = f(X)dY, Xo=x0. (1)

Theorem (Peano)
Letl1<p<2andletp—1<«<1. Assume thatY :[0,T] — R" is continuous
with Varp(Y) < co. Let f: RN — (R")N be in CY(RN, (R")N). Then, for any

xo € RN, (1) admits a continuous solution X : [0, T] — RN of finite p-variation.

Theorem (Picard)

Let1 < p<2andlet p<-y. Assume thatY : [0, T] — R" is continuous with
Varp(Y) < co. Let f: RN — (R™)N be in CY(RN, (R")N). Then, for any xo € RV,

(1) admits a unique continuous solution X : [0, T] — RN of finite p-variation.
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A function @ € LL_(R") is said to have an approximate limit at x € R" if there exists

loc

Ao (x) € R such that

1
lim ————— — Xp(x)|dy = 0.
I B0 Sy [P0) ~ Aol

In this situation, the unique value A, (x) is called the approximate limit of ¢ at x.
The set of points x € R” for which this property does not hold is called approximate

discontinuity set (or exceptional set) and is denoted by Se.

Definition

If @ is a representative of @ € L} _(R") then a point x & Sy, with @(x) = Ap(x) is called a

Lebesgue point of @. A Borel function @ : R" — R is called Lebesgue representative if

B0) = Mp(x), xER"\S,.

If o € WLI(IR"), then H""1(S,) = 0. On the other hand, if ¢ € BV(IR"), ¢ can have jumps
with support in J, C S, such that H""1(J,) > 0.
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Sets of finite perimeter

Suppose that O C R” is a smooth domain with H"~1(80) < +oco. The function 1o
is in BV(R™) and O has finite perimeter

P(O,R") = ||D1o]| < +o0.

Let s € (0, 1) be arbitrary.

m If a smooth curve X : [0, T] — R", parametrized to have unit speed, hits 8O in
finitely many points then we have X € V/(1p,s, 1), but if it spends dt-positive

time in O then it cannot be an element of V(1p,s, 1).

m For n=1 or n = 2 the path of a Bm is in V(1p, s, 00) with probability one.
For arbitrary n > 1, the path of a fractional Brownian motion (fBm) with Hurst

index H € (0, ) is in V(1p, s, c0) with probability one.

n— 1+s
m For arbitrary n > 1 it also follows that if H € (0, 1) and the fBm is started in

(BO)€ then it is in V(1p,s, 1) with probability one.
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Cantor staircase

Let C C [0, 1] be the classical

8/8

middle third Cantor set
7/8

and ve the unique self-similar
6/8

probability measure with support C.

Let ¢ : R" — [0, 1] be a function "

that is Lipschitz on [0, 1]¢ x R"~! and "

satisfies p(x) = v¢((0, x1)) for all j/:
%

x = (x1, X2, ..., xn) € [0,1] x R™1.
Then ¢ € BVoc(R"), and on [0, 1]”

178

9 29 39 49 5/9 6/9 7/9 89 99

we have ||Dol|| = Do = ve @ H" L.
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Cantor staircase

m Writing dp = :gg% for the Hausdorff dimension of C, we find that for s € (0, d¢)

any path X in R" is in V(¢p, s, ).

m Now suppose s € (dg, 1). The constant path X = (%, 0,...,0) in R" is in
V(p, s, ), but the constant path X = (0,0, ...,0) is not in V(s,1,1).

m For n =1 any smooth function X : (0, T) — (0, 1) with a finite number of

critical points is in V/ (¢, s, 00).

m For n =2 a smooth curve X : (0, T) — (0, 1)?, parametrized to have unit
speed, does not have to be in V(p, s, 1). On the other hand a path of Bm is in

V(p, s, 00) with probability one.

m For n > 3 paths of the fBm with Hurst index H € (0, ) are in V (g, s, 00)

n— 1+s
with probability one.
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Compositions

Lemma

Let ¢ € BVioc(R") and X € V(@, s, 1) for some s € (0,1). Then for any pair of

Lebesgue representatives 1) and @@ of ¢ we have
M (X:) = @ (Xp)

at dt-a.e. t € [0, T].

Definition

Let ¢ € BVoc(R") and suppose that X € V(¢, s, 1) for some s € (0,1). We define
the composition

poX
to be the Lebesgue equivalence class of t — @(X¢) on [0, T], where @ is a Lebesgue

representative of (.
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