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1 Fractal m in*imize-rs
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R/esz kerne/k () (n oz)|:c|0‘ n :UEIR”\{O}
In the sequel c(n a)‘—l

Riesz potent/a/ for a nonnegatlvey Radon measure p,

Ua e - / - i . ) u(dy), re R

Mutual Riesz energy for nonegative Radon measures 1 and v

) = / U@ v(d).

Riesz energy 1¢(p) := I%(p, ).



Exampl-e:' Coulomb interaction energy =~ «»

Letn>3 o= 2 S0 kg( ) |:1:|2_”

Interpret flnlte dlscrete subsets = {,uz} and U= {VZ} as conflguratrons of posi-
tively charged partlcles . |

- ZZ’” __,_Vj

is the"mutua/ Coulomb energy of the discrete measures 216 _and D00,

This is the part of the total electrostatic energy of the system caused by the mutual
Coulomb interaction between 1 and v, self-interactions ignored.

If p=v then 32 5" l{iij}kg(,ui — 11;) is the internal electrostatic self-interaction
energy of a point configuration or a Coulomb gas.
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Let X [O 1] —>ZR” be a Borel functlon ; - o
Occupat/on measure ,uX( ) Ek({t - [O 1] X( ) E B}) B & ]R” Borel set.

Occupa t/on t/me formula

bl o :/[O SN e By(IR").

X ,LLXv is highly nonlinear.
If ux < L" then o
e At )

is called local time of X.



Lol =

Fok-"f;yﬁe_“(o,_l) andX[O, 1]k——>ZR"def|neX € Cy([0, 1]’“,11%”) if X(0)=0 and

T Il swp AR S

Set

. 5’; —he=eo i e RY) : [ Xlleasar -
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A1 H olderco nstrained minimal self-interaction
, Recall that

XH[@ NX / / , )la ngs dt.
0,1]k 01]’“' » e

Note that ,uk—»[“( ) IS quadratlc and convex, but Xi—> ja(-ﬂX) is not convex.
Not even the effective domain {X:[0,1]* — R": I*(ux) < oo} is convex.



Holder constrained minimal self-interaction o

| Theorem 1 (H/nz T Vntasaan 2025+) Let O = a = n O < 7 L
i, For any Q = () there IS some X* E l”j’7 m/n/mlzmg X . [O‘(,uX) over B,.

i For any minimizer - X ofX — IO‘(,LLX) in B) and any rectang/e e 0, 1%,
the /mage X *(72) satisfies - |

; e R
H=(X*(R))=00, H" (X*(R))< oo
and, as a conseqUenee,

n—a SdlmHX*(R) S%/\n.



Remark andPrOOf O‘f (”) e = o

If 1 = k —r dlmHX*(R) can be arbltrary close to n — a, provided 7 is close
,enough to —/\1 If Cv Is non- mteger it forces dlmHX*(R) to be non-integer.

Proof of (u) o o A
M (X *(R)) 2 i from I°(jix-) <o00.
H (X*(R)) < oo follows from X* e B].
(See Falconer [Fal90]). |

For the proof of (|'), we shall need two lemmas.

Lemma 2. Every sequence (X3):€B] has a subsequence (Xi,); converging uni-
formly to some X* € B) such that (px, ) converges weakly to [ix+.
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Proof The flrst statement follows from the Arzela Ascoh Theorem

Since Lk([() 1] )'—1 the umform convergence |mp||es convergence in probability
Lo, 14 Let 0 €C _(IR™), by uniform continuity, for every & > 0, there exists § >0

such that 1:6 ) |mp||es |90( ) = oly)l<e. By the occupation time formula

> / () ox, (d) - / o) prx-(d) S/[o'1]k|w<xij<t>>dt'—so(X*(t))ldt

<[ e PO =GO [ 60— o0 ()]

e D
<2 llee 1 (|X - X[ 3 )+ 2L upp(e))

By a density argument, (x, ) converges weakly to x+.
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A c‘én't_e_r"ed Ga ussnan randomfleld bH [O,oo)k X —»]R wit_rh-‘ bH (0)=0P-as. and
an< )~ bl =i - SPH s.tel0,00

over a probablllty space (Q -, ]P’) |S'-'-c-;i||_ed a ffracfio'na/ Brownian (k,1)-field with

Hurst index H € (O L1 - . aE

K= L3 fractlonal Brownlan motion (fBm) |

HZE: Lévy S Brownian-fleld

k=1 H— : Brownian motion (Bm) -

Note that for /€N, / even

E[|b7 () — b7 | = (¢ — 1)1[t — S|, s,t€[0, 00)



Fraction_a?ljrown,i-anvv fields, cont'd 12/25

Let bH 1 <z <n be lndependent fractlonal Brownlan (k 1) flelds with Hurst index
H e (O 1) Then = . S L _

is a centered Ga'q_seian field with BH(O): 0 IP’—a.s'., a}hfd*_f . |
EHBH() BH(s)I1= HbH() b (s)7], s,t€[0,00)"

for £ €N, /¢ even, called fractional Brownian (k,n)-field with Hurst index H .



Sl i s -

Lemma3 Let0<oz<n 0<7<——/\1 Q>O ThereeXIstsXEBVSUCh that
[o‘(,uX)<oo e : - : :

Proof. By the 'KoImOgofdv—Chéhtsov th'eo'vrem théké éXists a modification of B
(denoted by the same symbol) and a random variable K >0 and an event () 6.7:
with P(Qo)”'—l such that |

|BH(t,w) — BH(t,w)| < K(w)|t=s|", s,tel0,1]%, wey.

For some ¢, ¢’ > 0,

BB (6) ~ B (o)) =elt = s [ exp( el Yyt -nay

:C/|t S ‘(a—n)H



Since (n—a)H <k

- [ouk,@emlw B0~ BH@M<R} . N

. o *,.**. | >

For |z| > R ks ) < RO‘ 5 and hence there exists Ql EF Wlth 2y C p and
P(Ql)'—l such that ' |

]a(:uBH(-,w)> <00 YweE Ql.
For w € (), set

X():= o(1+ K(@)j—,iBH(t, w), telo, 1),

then X € B) and I%(jux) < oo



S e e

Prdof df Theoreml (The dlrect method in the calculus of variations).
Note that meeB’YI ( ) < 00 by Lemma 3 If (X) . ny is such that

hm IO‘(,ux) — mf IO‘(,LLX)

1—00 EB7

then, as u — [%(p) is lower semi-continuous with respect to weak convergence,
we have for X* as in Lemma 1 that

inf I%(px) <I%(px+) <liminfl*(px, )= inf ]O‘(,u s

XeB’Y j—>OO Xen



Remarks S 15/25

o X* is not expected to be umque The radlal symmetry of ka produces easy
counterexamples .

e For k CR” K compact ,ul—>lo‘( ) admlts a unlque minimizer in the class
MK), called equmbrlum measure fij of K Wlth respect to f8. For K =

B(O ok? ) ]O‘(,LLK)<[ (,uX*) ‘However, Hg s not an occupation measure
in general, Whl|e [ix~ has to satisfy supp ,uX*—X*([O 114,

6 The general philosophy is that uniform convergence of the processes pre-
serves regularity, whereas weak convergence of the occupation measures
preserves irregularity.
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Let v be a compactly supported Borel probablllty measure on R” (environment /
medlum) ConS|der |

min {X|—>]°‘ ,LLX, / / |O‘ ”dtu(dy)}

(“mutual mteractlon energy in medlum voitn=2 K 1: "path in minefield”).
Set

/C::lC(%oz,g,M)::{XEBg: sup U“ux(x)SM}.
‘ daisy RRS P ESUPPY

(If k=1: Holder curves “Whosevellocity does not vary too wildly”).

Remark. We need that supp v N supp ,LLX ;t(Z) ‘Note that supp px C B(O ok?2 )
is compact for X € ).
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Theorem 4 (H/nz T Vutasaarl 2025+) Let0<a<n O<’y<—/\1 0>0,

M1

L.

Il.

Iil.

' If/C;t(Z) EIX*GIC mm/m/zman—>IO‘(,uX, )

For any minimizer of X — [ O‘( ,uX, ) and any rectang/e Rt 1] the image
X *(R) sat/sf/es . , &

H”—O‘(X*(R)) oo, HY X R oo
and, as a consequénc’e,

B s dimHX*(R) S%/\n.

d01>0 and dM; >0 depend/ng on 7 «, v, such that IC#(, whenever o> o,
and M > Mj. ' v
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Proof of Theorem 4 (Sketch)

. As g U (y) is Iower ‘semi- contlnuous and nonnegatlve [Lan72] it follows
that X|—>IO‘(,LLX, y) is lower semi-continuous.in L*([0, 1]%;R™). Furthermore,
it follows from properties of U® that K is compact in L. The proof can be
completed by the direct method in the calculus of variations, see [JL98].

ii. As before

iii. We need to construct such an eIement in IC, see Lemma 6 below.

Alternative for (iii): Use Assouad’s embedding theorem [Ass83] if
k(ﬁJ + 1)Sn§ﬁ+a,
Arrmob s £
which implies that 3¢, C'> 0 with

clt —s|" < |X(t)— X(s)| <t —s]|".



log3

Example: Koch curve 7;—:

log4’ ‘

© Springer-Verlag GmbH Deutschland 2017.



2 Potentials of Gaussian fields 1o/25

Item (|||) of the preV|ous promc has a probablhstlc proof

If X: [O 1] HR” has Iocal tlmes LX eLl, 'and n— oz < Wth +—— 1, then

there exists C’ >0 with UO‘,uX = C’ It LX is Iocally bounded then UO‘,uX is locally
bounded for O<oz<n | -

We claim tha_t_pgten‘t:a/s of occupation measures are good replacements for Lx.

For technical revae'ohs, re‘place U%ux by G%ux, that is, G is the Bessel potentia/,
ie.

Goule) = | gale—y)u(dy), seR"

where the Bessel kernel g, is deflned via. §5(&) = {(1 + |§]2)5}_a. U% and G are
comparable.



Local non-determinism 20/25

Let X: [O 1] X Q—éR" be »a.centered Gaussnan random fleld - X(0)=0 P-as.
with o ( ) COV(X( )X(s)) e T

We say that X |s /oca//y non determln/stlc |f ‘v’é > 2 305 > 0, Elgg > 0 such that

Var(Z w0 X(t;) — , @) >>C£Z |uj |,

for every uy, .. .,UgEan'and for a.e. t1,...,t,€ ([0,1]%) lying in a single subcube
of side length €, and such that |t;;1 —t;| <|t;41—t;| forall 1 <i < j < /. Here,
to:=0. Compare with [GH80]. T



Potentials of Gaussian fields =

Theorem 5 (H/nz T V//tasaarl 2025+ for LX' see [ Plt78]) Let X be as
before, and assume that X is locally non- a’eterm/mstlc Let :[0,1]* —R" be a

bounded Borel function. Assume that det o (s t) > O Let 0 <a <n, and assume
that there exists 5 >0 with ' ‘

- €SS8UDse(o,1]% / = a+5,<‘oo>.
0,11 | det 02(3 t)] 2n

Then Guix +, is locally Holder continuous.



Probabilistic proof of (iii) in Theorem 4 2

Lemma 6. Let BH be a fract/ona/ Brown/an (k,n)-field W/th Hurst = (0,
1), let p: [0 1] HR” be a bounded Borel functlon i |

i lfn—— < a<n and: O - v < H, there exists Ql e b o with P(£2,) =1 such that
B )ECO([O 1]k R andG JLBH(. w)ﬂOEC( )a_s well as G lpn (. )+
and U ppH. w)ﬂo are bounded for all w e $ie ' »

Ii. If n - % and 0 < v < H there exists Ql e F with IP’(Ql) — 1 such that
BA(-,w) € Cy(]0, 1] :R™) and BY(-,w) + ¢ has locally bounded local times

Lt oy € C(RY) for allw € (s

Proof. The hypotheses of Theorem 5 are satlsfled so we can apply the Kol-
mogorov-Chentsov theorem. ]

Here, the situation is typical, in contrast to the Assouad embedding theorem.



e e

We have used Iocal non- determmlsm to obtam regularlty for U%ux, G*ux,
‘which encodes the |rregularlty of X and implies certaln Iower bounds for X in
terms of varlatlon _see our preprmt arXiv:2512. 14248 '

In the future We Would ||ke to use potentlals as replacements for Lx to obtain
lower bounds for the paths Thls |s - publlcatlon in preparatlon with Hinz, T.
and Vurtasaarl e “
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