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1 Fractal minimizers 3/25

Riesz kernel k�(x)= c(n; �)jxj�¡n, x2Rn n f0g.

In the sequel: c(n; �)� 1.

Riesz potential for a nonnegative Radon measure �,

U��(x) :=

Z
Rn

k�(x¡ y) �(dy); x2Rn:

Mutual Riesz energy for nonegative Radon measures � and �

I�(�; �) :=

Z
Rn

U��(x) �(dx):

Riesz energy I�(�) := I�(�; �).



Example: Coulomb interaction energy 4/25

Let n� 3, �=2, so k2(x)= jxj2¡n:

Interpret finite discrete subsets �= f�ig and � = f�ig as configurations of posi-
tively charged particles.

I2(�; �)=
X
i

X
j

k2(�i¡ �j)

is the mutual Coulomb energy of the discrete measures
P

i
��i and

P
j
��j.

This is the part of the total electrostatic energy of the system caused by the mutual
Coulomb interaction between � and �, self-interactions ignored.

If �=�, then
P

i

P
j
1fi=jgk2(�i¡�j) is the internal electrostatic self-interaction

energy of a point configuration or a Coulomb gas.



Occupation measures 5/25

Let X: [0; 1]k!Rn be a Borel function.

Occupation measure: �X(B) :=Lk(ft2 [0; 1]k : X(t)2Bg), B�Rn Borel set.

Occupation time formula:Z
Rn

g(x)�X(dx)=

Z
[0;1]k

g(X(t))dt; 8g 2Bb(Rn):

X 7! �X is highly nonlinear.

If �X�Ln, then

LX :=
d�
dLn 2L

1(Rn)

is called local time of X.



Notation 6/25

For 
 2 (0; 1) and X: [0; 1]k!Rn, define X 2C0
([0; 1]k;Rn) if X(0)= 0 and

kXkC0
 := sup
s=t

jX(t)¡X(s)j
jt¡ sj
 <1:

Set

B%
 := fX 2C0
([0; 1]k;Rn) : kXkC0
�%g:



1.1 Hölder constrained minimal self-interaction

7/25

Recall that

X 7! I�(�X)=

Z
[0;1]k

Z
[0;1]k

jX(t)¡X(s)j�¡nds dt:

Note that � 7! I�(�) is quadratic and convex, but X 7! I�(�X) is not convex.
Not even the effective domain fX: [0; 1]k!Rn : I�(�X)<1g is convex.



Hölder constrained minimal self-interaction 8/25

Theorem 1. (Hinz, T., Viitasaari, 2025+) Let 0<�<n, 0< 
 <
k

n¡� ^ 1.

i. For any %> 0, there is some X�2B%
 minimizing X 7! I�(�X) over B%
.

ii. For any minimizer X� of X 7! I�(�X) in B%
 and any rectangle R� [0; 1]k,
the image X�(R) satisfies

Hn¡�(X�(R))=1; H
k



^n
(X�(R))<1

and, as a consequence,

n¡��dimHX�(R)� k


^n:



Remark and Proof of (ii) 9/25

If 1� k � n, dimHX
�(R) can be arbitrary close to n¡ �, provided 
 is close

enough to k

n¡� ^ 1. If � is non-integer, it forces dimHX
�(R) to be non-integer.

Proof of (ii):

Hn¡�(X�(R))=1 follows from I�(�X�)<1.

H
k



^n
(X�(R))<1 follows from X�2B%
.

(See Falconer [Fal90]).

For the proof of (i), we shall need two lemmas.

Lemma 2. Every sequence (Xi)i2B%
 has a subsequence (Xij)j converging uni-
formly to some X�2B%
 such that (�Xij)j converges weakly to �X�.



Proof of Lemma 2 10/25

Proof. The first statement follows from the Arzelà-Ascoli Theorem.

Since Lk([0; 1]k)= 1, the uniform convergence implies convergence in probability
Lkj[0;1]k. Let '2Cc(Rn), by uniform continuity, for every ">0, there exists �>0
such that jx¡ y j<� implies j'(x)¡ '(y)j<". By the occupation time formula

��������Z
Rn

'(x)�Xij
(dx)¡

Z
Rn

'(x)�X�(dx)

��������� Z
[0;1]k

j'(Xij(t))dt¡ '(X�(t))jdt

�
Z
jXij

¡X�j> �

2

j'(Xij(t))dt¡ '(X�(t))jdt+
Z
jXij

¡X�j� �

2

j'(Xij(t))dt¡ '(X�(t))jdt

�2k'k1Lkj[0;1]k
�
jXij¡X�j>

�

2

�
+ "Ln(supp(')):

By a density argument, (�Xij)j converges weakly to �X�. �



Fractional Brownian fields 11/25

A centered Gaussian random field bH: [0;1)k�
!R with bH(0)=0 P-a.s. and

E[jbH(t)¡ bH(s)j2] = jt¡ sj2H ; s; t2 [0;1)k

over a probability space (
;F ;P), is called a fractional Brownian (k;1)-field with
Hurst index H 2 (0; 1).

k=1: fractional Brownian motion (fBm)

H =
1

2
: Lévy's Brownian field

k=1, H =
1

2
: Brownian motion (Bm)

Note that for `2N, ` even

E[jbH(t)¡ bH j`] = (`¡ 1)!!jt¡ sj`H ; s; t2 [0;1)k:



Fractional Brownian fields, cont'd 12/25

Let biH, 1� i�n be independent fractional Brownian (k;1)-fields with Hurst index
H 2 (0; 1). Then

BH := (b1
H ; : : : ; bn

H): [0;1)k�
!Rn;

is a centered Gaussian field with BH(0)= 0 P-a.s. and

E[jBH(t)¡BH(s)j`] =n
`

2E[jbH(t)¡ bH(s)j`]; s; t2 [0;1)k

for `2N, ` even, called fractional Brownian (k; n)-field with Hurst index H.



Lemma 3 13/25

Lemma 3. Let 0<�<n, 0<
<
k

n¡� ^1, %>0.There exists X 2B%

 such that

I�(�X)<1.

Proof. By the Kolmogorov-Chentsov theorem there exists a modification of BH

(denoted by the same symbol) and a random variable K>0 and an event 
02F
with P(
0)= 1 such that

jBH(t; !)¡BH(t; !)j �K(!)jt¡ sj
 ; s; t2 [0; 1]k; ! 2
0:

For some c; c 0> 0,

E[jBH(t)¡BH(s)j�¡n] = cjt¡ sj¡nH
Z
Rn
exp
�
¡ jy j2
2jt¡ sj2H

�
jy j�¡ndy

=c 0jt¡ sj(�¡n)H



Since (n¡�)H <k

E
Z
[0;1]k

Z
fs2[0;1]k : jBH(t)¡BH(s)j<Rg

jBH(t)¡BH(s)j�¡ndtds

=c 0
Z
[0;1]k

Z
fs2[0;1]k : jBH(t)¡BH(s)j<Rg

jt¡ sj(�¡n)Hdsdt<1

For jz j �R, k�(z)�R�¡n, and hence there exists 
1 2 F with 
1� 
0 and
P(
1)= 1 such that

I�(�BH(�;!))<1 8! 2
1:

For ! 2
1, set

X(t) := %(1+K(!))¡1BH(t; !); t2 [0; 1]k;

then X 2B%
 and I�(�X)<1.

�



Proof of Theorem 1 14/25

Proof of Theorem 1. (The direct method in the calculus of variations).

Note that infX2B%
I
�(�X)<1 by Lemma 3. If (Xi)i�B%
 is such that

lim
i!1

I�(�Xi)= inf
X2B%



I�(�X);

then, as � 7! I�(�) is lower semi-continuous with respect to weak convergence,
we have for X� as in Lemma 1 that

inf
X2B%



I�(�X)� I�(�X�)� liminf

j!1
I�(�Xij)= inf

X2B%


I�(�X):

�
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� X� is not expected to be unique. The radial symmetry of k� produces easy
counterexamples.

� For K �Rn, K compact, � 7! I�(�) admits a unique minimizer in the class
M1(K), called equilibrium measure �K of K with respect to I�: For K =

B
¡
0; %k




2
�
, I�(�K)� I�(�X�). However, �K is not an occupation measure

in general, while �X� has to satisfy supp �X�=X�([0; 1]k).

� The general philosophy is that uniform convergence of the processes pre-
serves regularity, whereas weak convergence of the occupation measures
preserves irregularity.



1.2 Doubly constrained minimal interaction 16/25

Let � be a compactly supported Borel probability measure on Rn (environment /
medium). Consider

min
�
X 7! I�(�X ; �)=

Z
Rn

Z
[0;1]k

jX(t)¡ y j�¡ndt�(dy)
�

(�mutual interaction energy� in �medium� �, if n=2, k=1: �path in minefield�).

Set

K :=K(
; �; %;M) :=
�
X 2B%
 : sup

x2supp�
U��X(x)�M

�
:

(If k=1: Hölder curves �whose velocity does not vary too wildly�).

Remark. We need that supp � \ supp �X= ;. Note that supp �X�B
¡
0; %k




2
�

is compact for X 2B%
.
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Theorem 4. (Hinz, T., Viitasaari, 2025+) Let 0<�<n, 0<
<
k

n¡� ^1, %>0,
M > 0.

i. If K= ;, 9X�2K minimizing X 7! I�(�X ; �).

ii. For any minimizer of X 7! I�(�X ; �) and any rectangle R� [0; 1]k,the image
X�(R) satisfies

Hn¡�(X�(R))=1; H
k



^n
(X�(R))<1

and, as a consequence,

n¡��dimHX
�(R)� k



^n:

iii. 9%1>0 and 9M1>0 depending on 
, �, �, such that K=;, whenever %> %1
and M >M1.



Proof of Theorem 4 18/25

Proof of Theorem 4. (Sketch).

i. As y 7!U��(y) is lower semi-continuous and nonnegative [Lan72], it follows
that X 7! I�(�X ; �) is lower semi-continuous in L1([0;1]k;Rn). Furthermore,
it follows from properties of U� that K is compact in L1. The proof can be
completed by the direct method in the calculus of variations, see [JL98].

ii. As before.

iii. We need to construct such an element in K, see Lemma 6 below.

Alternative for (iii): Use Assouad's embedding theorem [Ass83] if

k

�
b1


c+1

�
�n� k



+�;

which implies that 9c; C > 0 with

cjt¡ sj
 � jX(t)¡X(s)j �C jt¡ sj
:



Example: Koch curve 
= log3
log4 .

© Springer-Verlag GmbH Deutschland 2017.
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Item (iii) of the previous proof has a probabilistic proof.

If X: [0; 1]k!Rn has local times LX 2Lloc
p and n¡�< n

q
with 1

p
+

1

q
=1, then

there exists C>0 with U��X�C. If LX is locally bounded, then U��X is locally
bounded for 0<�<n.

We claim that potentials of occupation measures are good replacements for LX.

For technical reasons, replace U��X by G��X, that is, G� is the Bessel potential ,
i.e.

G��(x)=

Z
Rn
g�(x¡ y)�(dy); x2Rn;

where the Bessel kernel g� is defined via ĝ�(�)=
h
(1+ j� j2)

1

2

i¡�
. U� and G� are

comparable.



Local non-determinism 20/25

Let X: [0; 1]k �
!Rn be a centered Gaussian random field, X(0) = 0 P-a.s.
with �2(s; t) :=Cov(X(t)¡X(s)).

We say that X is locally non-deterministic if 8`� 2, 9c`> 0, 9"`> 0 such that

Var

 X
j=1

`

huj ; �j¡1(X(tj)¡X(tj¡1))i

!
� c`

X
j=1

`

juj j2;

for every u1; : : : ; u`2Rn and for a.e. t1; : : : ; t`2 ([0;1]k)` lying in a single subcube
of side length "` and such that jtj+1¡ tj j� jtj+1¡ tij for all 1� i� j � `. Here,
t0 := 0. Compare with [GH80].
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Theorem 5. (Hinz, T., Viitasaari, 2025+, for LX, see [ Pit78]) Let X be as
before, and assume that X is locally non-deterministic. Let ': [0; 1]k!Rn be a
bounded Borel function. Assume that det�2(s; t)>0. Let 0<�<n, and assume
that there exists � > 0 with

esssups2[0;1]k
Z
[0;1]k

dt

jdet�2(s; t)j
n¡�
2n

+�
<1:

Then G��X+' is locally Hölder continuous.



Probabilistic proof of (iii) in Theorem 4 22/25

Lemma 6. Let BH be a fractional Brownian (k;n)-field with Hurst index H 2 (0;
1), let ': [0; 1]k!Rn be a bounded Borel function.

i. If n¡ k

H
<�<n and 0<
<H, there exists 
12F with P(
1)=1 such that

BH(�;!)2C0
([0;1]k;Rn) andG��BH(�;!)+'2C(Rn) as well asG��BH(�;!)+'
and U��BH(�;!)+' are bounded for all ! 2
1.

ii. If n < k

H
and 0 < 
 < H there exists 
1 2 F with P(
1) = 1 such that

BH(�; !)2C0
([0; 1]k;Rn) and BH(�; !)+ ' has locally bounded local times
LB(�;!)+'2C(Rn) for all ! 2
1.

Proof. The hypotheses of Theorem 5 are satisfied, so we can apply the Kol-
mogorov-Chentsov theorem. �

Here, the situation is typical, in contrast to the Assouad embedding theorem.
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We have used local non-determinism to obtain regularity for U��X, G��X,
which encodes the irregularity of X and implies certain lower bounds for X in
terms of variation, see our preprint arXiv:2512.14248.

In the future, we would like to use potentials as replacements for LX to obtain
lower bounds for the paths. This is a publication in preparation with Hinz, T.
and Viirtasaari.
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Thank you for your attention!
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